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3.1 Angular Momentum and CG-
Coefficients



J The angular momentum operatorsJ
jm

The angular momentum operators

The quantum state

 jmmjmJ z 

Wh j 0 j 



i

J z



Where m = -j,…,0,…,j. i



3.1 Angular Momentum and CG-
Coefficients

iJJJ 
z

JJJ
JJJ




],[
],[


 

yx iJJJ 

z

z

JJJ
JJJ




2],[
],[




 1)1()1( jmmmjjjmJ 

 1)1()1( jmmmjjjmJ 

 1)1( 22 jmjjjmJ 

2JJJJ  22

2 zJJJJJJ 


 



3.1 Angular Momentum and CG-
Coefficients

21



 JJJ

)mm  m (where   212211
21

21

21
  mjmjCjm

jj

jjj
mmm

21 jj

Clebsch-Gordon(CG) 
coefficient

 jj

 



jmCmjmj

jj

jjj

jjj
mmm

21

21

21

212211





3.1 Angular Momentum and CG-
Coefficients

Let’s consider the spin angular momentum of a meson.
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3.1 Angular Momentum and 
CG-Coefficients

Let’s consider the pseudoscalar meson.


2
1

2
1

2
1

2
1

2
1

2
1

2
1

2
100 ba

000 J


2
1

2
1

2
1

2
1

2
1

2
1

2
1

2
1

2
1

2
100



3.2 Central Potential in 
Quantum Mechanics

Review the main idea of solving the central potential problem.
First obtaining the nonrelativistic solutions

)(
2

rVpH 

First, obtaining the nonrelativistic solutions.

)(
2m

Using spherical

I
L

m
P

m
p r

222

222



Using spherical 
coordinate system.

Imm 222



3.2 Central Potential in 
Quantum Mechanics



 rmP


 2mrL
2mrI  rmPr  mrL

),,(),,()}(
22

{ 2

22

 rErrV
mr
L

m
Pr 

)()()(  YrRr 
Separation of 
the variables),()(),,(  YrRr 



3.2 Central Potential in 
Quantum Mechanics

YLRErVPmr r 2
22 1))((2

 YL
Y

RErV
mR

))(
2

( 

Angular part

YconstYL )(2 
Angular part,

),()1(),( 22  m
l

m
l YllYL 

),(),(  m
l

m
lz YmYL 



3.2 Central Potential in 
Quantum Mechanics

R
mr

constRErV
m

Pr
2

2

2
)())(

2
( 

mrm 22

22

)()())(
2

)1(
2

( 2

22

rERrRrV
mr

ll
m

P
ll

r 







3.2 Central Potential in 
Quantum Mechanics

P  )1(
rri

Pr









1

)1(





r
rr

Pr 2

2
22 1




 
r

rri 
    rr 

)()()1(
2

)()(
2 2

2

2

22

rEUrU
r
ll

m
rV

dr
rUd

m ll
l 







 



22 rmdrm 

)()( rrRrU ll 
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Quantum Mechanics

Consider the Coulomb potential in the hydrogen atom.
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3 3 H atom Spectra3.3 H-atom Spectra

1. Relativistic Correction


2

2)1( mcT 

 4

2
2

8
3

2
1   

c
vmvm

4222

 23

42

82
p   

cm
p

m

422 cmcpE 
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2. Spin-Orbit Coupling
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3 3 H atom Spectra3.3 H-atom Spectra

3. The Combination of Relativistic and Spin-
Orbit CorrectionOrbit Correction
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3 4 Quarkonium Spectra3.4 Quarkonium Spectra 
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There are two important 
aspect of positroniumaspect of positronium 

spectra.

1. The 
reduced 

mass effect 2
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2. The electron-positron annihilation effect
hi h difi th i t ti H ilt iwhich modifies the interaction Hamiltonian.
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3 5 Baryon Wavefunctions3.5 Baryon Wavefunctions

Baryon

1. Three quarksq

2. The Pauli’s exclusion principle must hold

First, two different tensor products to 
construct a multiquark wavefunction.

Inner product Outer product

Not change the number 
of particles

E l th u tu

Increase the number of 
particles

N t h th u tuEnlarge the quantum 
space

Not change the quantum 
space
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Using the technique of Young tableau.

; doublet meaning ↑ or ↓
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Color wave function Antisymmetric

Singlet{ Singlet

Total baryon wave function Antisymmetric

{

Inner product of spin and 
flavor wavefunctions

Symmetric
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-> Symmetry
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