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Line Symmetry

® Shape has line symmetry when one half
of it is the mirror image of the other half.

® Symmetry exists all around us and many
people see it as being a thing of beauty.
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Is a butterfly symmetrical?




Line Symmetry exists in hature

but you may not have noticed.



At the beach there are a
variety of shells with line
symmetry.




Under the sea there are also
many symmetrical objects such
as these crabs

and this starfish.




Animals that have Line
symmetry
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THESE MASKS HAVE

These masks have a line of
symmetry from the forehead to the
chin.

The human face also has a line of
symmetry in the same place.




Human Symmetry

The 'Proportions of Man'
IS a famous work of art by
Leonardo da Vinci that
shows the symmetry of
the human form.




T
REFLECTION IN WATER

If an object is reflected in
water it is considered to
have line symmetry along
the waterline.
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The Ta] Mahal

Symmetry exists in architecture all around the
world. The best known example of this is the Ta|
Mahal.







e
2D Shapes and Symmetry

After investigating the following
shapes by cutting and folding, we
found:
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LSymmetries and Conservation Law

Symmetry

Translation in time Energy

Translation in space Momentum
Rotation Angular momentum
Gauge transformation Charge

NI [

Noether's Theorem:
Symmetries <—> Conservation

-23-
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= Symmetry is the most crucial [II]:>

concepts in Physics.
= Symmetry principles dictate the

basic laws of Physics, and define the

fundamental forces of Nature.

Symmetries are closely linked to the

particular dynamics of the system:

= E.g., strong and EM interactions
conserve C, P, and T. But, weak
Interactions violate all of them.

Different kinds of symmetries:
= Continuous or Discrete

= Global or Local = >

= Dynamical
= Internal

We focus on this

Physics

Examples of Symmetry
Operations
Translation in Space
Translation in Time
Rotation in Space
Lorentz Transformation
Reflection of Space (P
Charge Conjugation (C)
Reversal of Time (7)
Interchange of Identical
Particles
Change of Q.M. Phase
Gauge Transformations




Conserved Quantities and Symmetries
Every conservation law corresponds to an invariance of the
Hamiltonian (or Lagrangian) of the system under some transformation.

We call these invariances symmetries.

There are 2 types of transformations: continuous and discontinuous
Continuous — give additive conservation laws
X — X+dx or0 — 0 +d 0
examples of conserved quantities:
electric charge
momentum
baryon #
Discontinuous — give multiplicative conservation laws
parity transformation: X, y, z — (-X), (-y), (-2)
charge conjugation (particle<>antiparticle). e- — e*
examples of conserved quantities:
parity (in strong and EM)
charge conjugation (in strong and EM)
parity and charge conjugation (strong, EM, almost always in weak)

25
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UGroup <= The set of all symmetry operations

* A group is a set of elements plus a composition rule (a, b,
c, |,.. € G)such that

1. Combining two elements under the rule(e) gives another of the
elements

a,beG,=>aebeG

2. There is an identify element I so that for arbitrary a in the group
elements

ael=lea=a

3. For arbitrary a, there exists unique inverse a** with
aeal=alea=|

4. The composition rule is associative
ae(bec)=(aeb)ec

-28-



Lorentz Transformation

coshw 0 0 sinhw
Aty 0 1 00 @27)
“=o 010 '
sinhw 0 0 coshe
From this, one can find the following interesting properties of A(@®):
l. Alw)A(@")=ANw+w®") ; Closure |
2. 'NO)=1 s “Identity -
3. N'(w)=A(-w) o lnverse (2.28) |
A(w) MA@ )A (0" !
4. WiiAl=0AG )} Associativity '

= {AM@)A@)A(@")

i

These four properties are exactly the properties of a group in mathematics.
Thus, one finds that the Lorentz transformation satisfies the group properties |
and can be given by a group representation. There are two distinguished |
groups in mathematics. One group is called a discrete group and the other |
is called a continuous group. Since the above example of Lorentz

transformation_has continuous group elements represented by a_continuous i

variable @, the above example belongs to the continuous group. The
continuous group has been investigated thoroughly by a Norwegian |
mathematician Sophus Lie (1842-1899) and thus people often call the

(d is the dimension of the group) are listed in the following Table 2.1.

—~

Chapter 2 Special Relativity

Table 2.1: Basic Lie Groups
GL(n, ) General(G)  linear(L)  group of  complex(C)
i regular(det M # 0) matrices ; d =2n"
. C Special(S:det M =1) linear group, subgroup of GL(#,
5,C) C); d=2n*-1)
GL(n,R) General linear group of real(R) regular matrices; d = n"
SL(n, R) Special linear group of real matrices, a subgroup of

GL(n,R);d =n* -1

U(n) @

_g—

Unitary group of unitary(U : MM' =M'M =1,
where M' is the Hermitian conjugate of M )
matrices; d =n’

suin) (&

Special unitary group, a subgroup of U(n); d =n" 1

O(n,C)

Orthogonal(O) group of complex orthogonal matrices
( MMT =1, where MT is the transposed M );
d=n(n-1)

0(n)=0(n, R)

Orthogonal group of real

d=n(n-1)/2

orthogonal matrices,

SO(n)

Special orthogonal group or group of rotations in n-
dimensional space, a subgroup of O(n); d =n(n—1)/2

Sp(n)

Symplectic(Sp) group of unitary »xnmatrices, where
nis even, satisfying the condition M"JM =.J , where
J is a nonsingular antisymmetrical matrix.

U(m,n—m)

Pseudo-unitary group of complex matrices satisfying the
condition MgM' = g, where g is a diagonal matrix
with elements g, =1 for 1<k<m and g, =-1

for m+1<k<nid=n’

O(m, n—m)

Pseudo-orthogonal group of real matrices satisfying the
condition MgM”™ =g ;d =n(n-1)/2

-29-




Unitary Group U(1)
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SU(n) group

« Special det|U| =1
 Unitary UT U=1
 The # of Independent elements




A complex flavor-mixing matrix?

Why not incorporate
CPV by mﬂking
complex?

not so simple: a 2x2 matrix has 8 parameters

unitarity: 4 conditions

4 quark fields: 3 free phases

# of irreducible parameters: 1

33
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2-generation flavor-mixing

(. B) (cosO. sind.)
LB u.J > Lsinec (:{)SEJC)l

Only 1 free parameter: the Cabibbo angle
%

not enough degrees of
freedom to incorporate a
complex number D 120

plex num [ .0,.~12

.'Fll

34
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QCabibbo Angle

(d") ( cosd.

- —sin 9
LS sin 9.

IT COOKBOOK, It EQIE ADof 212 -35- hanbitbook.co.kr



« CKM Matrix

36
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Enter Kobayashi Maskawa

SEUJPD;S’E there are 3 q?f{ﬂf"k gﬁﬂ&f?’ﬁffﬂﬂS.’

a 3x3 matrix has 18 parameters

unitarity: 9 conditions

6 quark fields: S free phases

# of irreducible parameters: 4

three are needed
for 3-dim rotation
e.g. Euler angles

one complex
vhase is possible!

37
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KM (+others) circa 1973 (Kyoto)

Makoto
Kobayashi| -

@

Toshihide
Maskawa

IT COOKBOOK, It EQIE ADof 212 -38- hanbitbook.co.kr



Original KM paper

From: Prog. of Theor. Phys. Vol. 49 Feb. 2, 1973

Next we consider a G-plet model, another interesting model of CFP.viclation.
Suppose that 6-plet with charges (Q,Q,.Q,.0-1,0-1,0Q ~1) is decomposed into
SUver(2) multiplets as 24+2+2 and 14141414141 for left and right com.
ponents, respectively. Just as the case of (A, C), we have a similar expression
for the charged weak current with a4 3x 3 instead of 2x 2 unitary matrix in Eq.
(), As was pointed out, in this case we cannot absorb all phases of matrix

39
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"
U The CKM Matrix

Unitary with 9*2 numbers — 4 independent parameters

Many ways to write down matrix in terms of these parameters

40
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Quark Flavor Physic

Ve

Foundation New Physics
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Cabibbo

A vnaliviv alamante
WWIAIVE 11GIU 1A SiCiiiciite

*Fundamental parameters of the Standard Model
*They cannot be predicted but can be measured
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4 2.3 Lorentz transformation, symmetry?

- Introduce a new variable called rapidity @, and
represent the boosting velocity v= gc as follows :

Vv
p = —=tanh w
C

- 1 _ 1 _ .
a \/1—7 Jsec h?w cosh
" ‘coshw 0 0 sinhw
0 1 0 0
A, = A(w) =
0 0 1 0
sinhw 0 0 coshw




] Reference

Standard algebraic expressions

The hyperbolic functions are:

m Hyperbolic sine:

sinhz =

] =

{e* —e™™)
m Hyperbolic cosine:

coshz = L (¢ + )
m Hyperbolic tangent:

sinh. cosh and tanh

csch, sech and coth

simhz e =7 -1
tanhx = = = —
coshr ef4e T e 41

IT COOKBOOK, &R FLIE AZS 28 -44 -




4 Lorentz transformation, symmetry?

- A(w) is Lie group

1. Closure : two succesive Lorentz transformations
result in a new Lorentz transformation

A, ATgA A, = A, gA, =0
2. Associativity : clearly A, (A,A;) =(AA,)A,
(composition law of matrix multiplication)

3. Identity : 3A(0) =1

-45-



4 Lorentz transformation, symmetry?

4. Inverse : IA (o) = A(—w)

5. Continuous : Has continuous group elements
represented by a continuous variable o

- General form of transformation of space and time

X" =AX +a ‘

| : : :
Lorentz transformation space and time translation
+ rotation

=> Poincare group, ISL(2,C)

- 46 -



O Operation involved in the Poincare group

- 10 operations of transformation,

3 boosts —— 3 boost momenta, K

3 rotations —— 3 angular momenta, J

3 space translations —— 3 linear momenta, P
1 time translation —— 1 energy, E

- Conjugate to the transformation parameter,

K ¢ Conjugate

</

>0,
Je—0
P<—>X
E<«—t

-47 -



O Poincare group

- represent the space and time by 2X2 matrix X

where

Oy =

X=X0,=

x° + x°

XX

xt —ix?
X=X
-

O =
O 2

-48 -
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O Poincare group (cont’d)

- 2X2 matrix representation of the Lorentz transformation
and the rotation given by

A0, ®) = exp(—%(éw iw) o)=A

- Then the elements of the poincare group are ordered
pair of 2X2 matrices given by (A, a) and (A, a)
where, detA =1

1

ETr(Ay) =A’>1

a' =a

-49-



Show that S; rrz satisfies the Lie algebra for the angular
moementum;: [b SJ = 1€,k Sk

Show that (o - a =Y _.a?, where a = (a',a* a”) is a

real vector.

ﬁ2:

)2 = 1, where n

Show that (o -n

Show that (o -n)*"t! =0 - n.

-

Show that U = ¢27™ = ¢S produces the rotation along the

axis m by an angle o.

e, X - b . N e D
Show that U = €27™ =1 cos 5 + 10 - nsin 5.

R - S in N i @
cos 5 +ingsing i (ng — 1Mo ) Sin 5

(e i) S 8 cos @ — ih. sin @
L (g + tng)sing  cos 5 — ingsin g




Consider a Lorentz boost . where

cosh v sinh a . +
. Show that the boost matrix can be

sinh v cosh a

expressed as L = e®?t =1 cosha + 0, sinh a. where
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O Poincare group (cont’d)

- Also, the second rank tensor of the Lorentz transformation

and the rotaion iIs given by 1 ,

- four-vector @" is given b 1
J Y au :ETr(UUQ)
- Then, the ISL(2,C) transformation of the space-time
space IS given by ,
X' =AXA +a
, there are 10 parameters of the transformation given
by w,0,a"

-53-



O Poincare group (cont’d)

- Homogeneous part of poincare group Is called the
‘proper orthochronous Lorentz group’

- Other possible conditions of A such as
det A=-1,A) =1 —— Parity (P)
det A =-1, A <1 —— Time reversal (T)
det A =+1,A) <1 —— Charge conjugation (C)

-54-



d Infinitesimal generators of the Poincare group

- Unitary representation of ISL(2,C) given by
U (A(ag),g) _ e—i(j.é+K.5+PU.au)

- Then, the infinitesimal generators are given by

D
K I — |mu (A! Q) ‘Ezé:auzo
IV =i

50 oromes
P! =

w0
10 @U (A; Q) ‘gzg;:auzo

Among 10 generators, there are 45 commutation relations

-55-



4 Infinitesimal generators of the Poincare group, cont’d

- 45 commutation among 10 generators

:J',Jk]_—igjlil

:Ki’Kk]:_Igjkljl

Bl k1 jkl /| ]

J K ]—IE K Jkl
P P']=0 &

K!, P"]=-iP/ L evi—Civita
31 P°]=0 Symbol
J,F|=U y

K" P1=-i5, P°

J, P =i P

-56-
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Thank you.
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